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062

Mathematical Formulas

Mathematical Constants

7=3.14159... e =271828 ...

27 radians = 360 degrees

{ radian = 22 dogroes = 57.2058° 1 degree = —" radians = 0.0174533 rad
T

180

Conversions: Multiply degrees by % to obtain radians

Multiply radians by 18 to obtain degrees
T

Exponents

nagm __ antm ﬂ: m—n R gmn —m:L
A"A" = A A A A™=A A G
(ABY" = A"B" i)" A g Am A%=1 A#£0)

B B"
Logarithms
log = common logarithm (logarithm to the base 10) 10 =y log y=ux
In = natural logarithm (logarithm to the base ¢€) &=y Iny=ux
=4 104 =A Ine'*=A4 logl0*=A4
A 1

log AB =1logA + log B 10g5= log A — log B 10g;= —logA

logA"=nlogA logl=In1=0

InA = (In 10)(log A) = 2.30259 log A

log10=1 Ine=1

log A = (log ¢)(In A) = 0.434294 In A
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APPENDIX G Mathematical Formulas

_ sinx ) ; ) 1
tanx = cotx = ——— secx = CSC X = —
cos X sin x Cos X sin x

sin® x + cos? x = 1 tan® x + 1 = sec’ x cot’ x + 1 = csc? x
sin (—x) = —sinx Ccos (—Xx) =cos x tan (—x) = —tan x

sin(x*y)=sinxcosy *cosxsiny cos(x*y)=cosxcosyFsinxsiny

7 ; ¢ 2tan x
sin 2x = 2 sinx cos x cos 2x = cos® x — sin x tan 2x = ————
1 —tan” x
1 — cos 2x sin Zx
tan x = - =
sin 2x 1+ cos 2x

2 2

sin x=%(l—cos2.x) cos x=%(l+cos2.r)

For any triangle with sides a, b, ¢ and opposite angles A, B, C:

e ooy B pppoc

Law of sines = =
sin A sinB  sin C

Law of cosines =d*+ b — 2ab cos C

—b+ Vb? — dac

a4+ bx+c=0 =

2a
I:L =l—x+2-+... (-l<x<1)
X
3
R L N (-1<x<1)
2 8 16
I Rl o8, (-1<x<1)
Vi+x 2 8 16
Iz 13
F=l+x+—+—+... (—m<x<m)
21 3
3 5 T
sinx=x—x—+x——x—+... (—oo < x < x)
3151 7
2 4
cosx=l—x—+L—£+ (—oo<x < x)
20 41 6

Note: If x is very small compared to 1, only the first few terms in the series are
needed.
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APPENDIX G Mathematical Formulas

! %(aﬂ) =a$x—u

i(w) _ &, du i(ﬂ) _ V(dufdx) — u(dv/dx)
dc T Tdx o dx odx\v) v

L gma Lymne-

ydu &y _dydu  du_ 1
dx dx  du dx dx  dxfdu

d -
=™ = nu"
e w™ =n

[ P du d _ du
—(sinu) = cos u —— —(cosu) = —sinu——
dx dx dx dx
;—x(tan u) = sec® u % I{'::E—X(col ) = —csc? u ﬁ—i

d du d du
—(secu) =sec wtan u — —(csc u) = —cscucotu—
dx dx dx dx

d 1 du d log e du d 1 du
— (arct —e T =l = — =l S i
Y ) 1+ dx dx(og“) i dr(n“) u dx

dx
d du d du
u u B B
—{a@)y=a"lna— —(e") =" —
dx dx dx dx
Alata: A sonctant ot ha addad ta tha racnlt af avarms intacration
Note: A constant must be added to the result of every integration

n+l
jx”dx=x (n#—1) j£=lnlxl (x #0)
n+1 X

(@ + bx)y"+!

l—n
jd—’:= X (n#1) J(a+bx)"dx=
X —n

1 ity OF7D
JL=LIn(a+bx) f - 1
at+bx b (a + bx) bia + bx)
dx 1
e e = n+1
J (a + bx)" (n — D®)a + by )
2+ 02 _fi}zxz = (:—btan‘l % (x in radians) (a>0,b>0)
dx 1 a+ bx . :
Jiaz S = il In (m) (x in radians) (a >0, b = 0)
xde _ 1. j xde 1| a
j"“"‘_f’?{m RO L e _szerxH“(a”x)
J xde _ __ a+2kx J xdx a+ 3bx
(a + bxy* 2b%(a + bxy* (a+ bx)* 6b°(a + bx)
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APPENDIX G Mathematical Formulas

xZdx 1
o = 37 @+ b(=3a+bx) + 2a* In(a + bx)]

dx 1 | bx(2a + bx)
P

3 —2aln (a + bx)
(a + bx) a+ bx

3a + 4k
dx {a{ 4 U;) +In (a + bx)}
(a+ bx) b 2(a + bx)
KPdx _ d + 3abx + 30°x°
(a+ b)* 3 a + bx)’
Jsin ax dx = S0 ak Jcos ax dx = Arar
a a

Jtan ax dx = i, In (sec ax) Jcot ax dx = 1 In (sin ax)
a a

Jsecaxd’x = ﬁ In (sec ax + tan ax) Jcscaxdx = i In (csc ax — cot ax)

i X sin2ax X | sin2ax ; i
Jsmzaxdx= —_——————— Jc052 ax dy = —+ ——— (x in radians)
2 4a 2 4a
. sinax  xcosax . .
fx sinax dv = —%— — ——— (x in radians)
a a
cosax | xsinax 5 .
f xcosaxdx=—-5—+——— (xinradians)
a a

J.re“dx = ‘;;: (ax — 1) J-]n ax dx = x(In ax —1)

Je“‘dx= -
a

Ji,=—ltan(—w——) j\ﬁa+b 451!.:——(¢:J+f;vr)3*'2
1 + sin ax a 4

JVaz+b2.r2dx— Va? + b2 +—| (b‘ \“1+b2’2)

[E— (br ;Hﬁ)
Vi —i—b2 2 Y a
j\/az—bz.rzdx=§ Va* — b*x? +%sin_1%

Lbf(x) dx = —J: f(x)dx Lbf(x)dx = L(f(x)dx + f,f(_t)d’x
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Properties of Plane Areas

Notation:

A = area

x, v = distances to centroid C

I, I, = moments of inertia with respect to the x and y axes,
respectively

I, = product of inertia with respect to the x and y axes

Ip = I + I, = polar moment of inertia with respect to the origin of
the x and y axes

Ipp = moment of inertia with respect to axis B-B

1 ¥y Rectangle (Origin of axes at centroid)
__ b = R
=) A =Dbh x= 2 y= >
h
C L 3
jl fﬁﬁ y—ﬁ =0 Ip=£(h2+b2)
12 12 12
——
2 ‘)’ B Rectangle (Origin of axes at corner)
bh* my’ bR? bh 5
L=— L=——— Iy=—— Ip=—(+b
3 x5 =T 4 =g ¢ )
i b’
Ipp =
9 = BT 607 + 1)
B le— b —s]
3 ¥y Triangle (Origin of axes at centroid)
—

st

36

bh*
fxy = ﬁ(b - 2(,')

36

b+c

/%\ 2 T3
h 3
€5l o=l P by

h

y=5

_bh o e
Ip=g + B —be+ )

066
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APPENDIX D Properties of Plane Areas

Triangle (Origin of axes at vertex)

c
B B 3
I = b L= ﬁ(sbz —3bc + )
; 12 - 12
1
bi* bh*
o e fry = j(ﬂ) R IBB = T
F——
5 y Isosceles triangle  (Origin of axes at centroid)
bh - _ b —
A= e X = y= TI
bi’ hb’
I,=— I,=—— I,=0
* 36 Y48 E
bh 2 | a2 bi?
Ip= 4h” + 3b Ipg = ——
P=aa ( ) BB =5
(Note: For an equilateral triangle, h = V3 bj2.)
6 Right triangle (Origin of axes at centroid)
b b o_h
2 3 . 3
_ b _w o
* 36 736 = 72
=202+ 0Y)  Ig= .o
P36 0
7 |}’ Right triangle (Origin of axes at vertex)
Bopoprsed Y T
A V. Y12 4
bh bh’
] IP=E(!:2+b2) Ing ==
s
8 ¥ Trapezoid (Origin of axes at centroid)
|('a'_' _ h{a + b) s h(2a + b)
2 . 3(a+ b)
h
c 5 Yo _ K@ tdabtry *(3a + b)
B —B = 36(a + b) e 12
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APPENDIX D Properties of Plane Areas

9 ¥ Circle (Origin of axes at center)
d=2r
2 4 4
A=gr=TL g -m T
4 4 64
X 4 4 4 4
Tr wd Sar Swd
I,=0 Ip=—= o A0 e
i P g 2 BET 4 64
Semicircle (Origin of axes at centroid)
2
T _ 4
A=—- ) = ——
2 YT ag
(9';72 — 6dyr? 4 wr art
=" 2 —0.1098 L= [,=0 Igp=T1-
% T2 8 L="3 24 W=y
Quarter circle (Origin of axes at center of circle)
2
Tr - &
A=— =y =—
4 =T
4 4 2 4
Tr r (97" — 64)r 4
I.=1,=——— I,=— Igp = ——— = 0.05488
SR W=y wAR 1447 J
Quarter-circular spandrel (Origin of axes at point of tangency)
— _ 10 — 3m)r
A =(1 —1):2 F=— 2 _~o7ieer =23 ommar
4 34— ) ST 34—
[ 5m\4 4 (1 '-'T) 4 4
I. (1 6 Jr 0.01825r I, = Ipp 16 r 0.1370r

3

Circular sector (Origin of axes at center of circle)

a = angle in radians (a = 7f2)
A=ar’ X=rsina $:_2r51_na
. 3a
4 4 4
Ix=r?(a+sinacos a) Iy=%(a—sina‘cos @) I,=0 Ip=%
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APPENDIX D Properties of Plane Areas

14 ¥ Circular segment (Origin of axes at center of circle)
B T @ = angle in radians (a = 7f2)
e A sin’
- A =r%(a — sin a cos @ 1-'=———)
Y a.La r)\ ( ) B(Q—Smacosa
4
0\( X Ix=%(a—smacosa+25m3acosa) I,=0

1, =r—(’aa—BSinacosa—zsingacosa)
¥ 2

15 Circle with core removed (Origin of axes at center of circle)
« = angle in radians (a = mf2)
a=arccosa? b=Vrt—a® A=2r2(a—(:b—,i)
4 4
r 3ab  2ab’ r ab | 2ab’
Ix:?(aa_ 2 r“) Iy=?(-——2+ -"4) =0
16 ¥y Ellipse (Origin of axes at centroid)

—— wab® wha
/‘ ”\ 5 A=mb I=—) ==
e

I,=0 Ip=?(b2+a2)

Circumference = w[1.5(a + b) — Vab ] af3=b=a)
=417 a+4a (0=b=a/3)

Parabolic semisegment (Origin of axes at corner)

y=flx)= h(l a2 %)

A 2bh o 36 S _2h

3 8 75
i 16b1° _ o’ _bpn
7105 *7 15 2T
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APPENDIX D Properties of Plane Areas

Parabolic spandrel (Origin of axes at vertex)

hat
h )’zf(x):bz
[ Bh __3b  __ 3h
e s G

o _w o
S| T8 Ll )
(Origin of axes at comner)

Semisegment of nth degree

n

}-'=f(x)=h(l —fF) (n>0)

_ n _=b(u+1) - hn
5 _‘:‘_M(wrl) T+ YT amt1
|‘— b —'| 2 = 2bh%n? = b 1= b*h’n®
T+ D2+ DB+ D YT am+3) T 4+ Din+2)
Spandrel of nth degree (Origin of axes at point of tangency)
y=r@="2 w>0
A bh Ezb(ri-i-l) i hin + 1)
n+1 n+2 T 22n+ 1)
Ix b . hb? e g
T 33n+ 1) YT a+3 T An+ 1)
Sine wave (Origin of axes at centroid)
4bh - ah
A= T 5= 8

(i = 3—23)@3 = 0.2412hb°
w

m

= (i - i)bﬁ =~ 0.086596h> I, =

Thin circular ring (Origin of axes at center)
Approximate formulas for case when { is small

3

A =27t = wdt fx=f,=m3r=%
3
Ly=0 Ip=2mri= ’T: ¢
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APPENDIX D Properties of Plane Areas

Thin circular arc  (Origin of axes at center of circle)
Approximate formulas for case when t is small

B = angle in radians (Note: For a semicircular arc, 8 = #/2.)
rsing
B
I, = rsr(ﬁ + sin B cos 8) L= r3f(8 — sin B cos )
2B +sin28 1 — cost’)
2 B

A=28nt y=

I,=0 Igp= r%(

Thin rectangle (Origin of axes at centroid)
Approximate formulas for case when £ is small

A=bt
Fb3 ) Ib3 2 be .2
I, = ——sin I,=—cos Igp = —sin
12 B e B 2B =", B

Regular polygon with n sides (Origin of axes at centroid)

C = centroid (at center of polygon)

n = number of sides (n = 3) b = length of a side

3 = central angle for a side « = interior angle (or vertex angle)

e [N, b B TR
\"n )

R, = radius of circumscribed circle (line CA) R; = radius of inscribed circle (line CB)

Ry =£cscE ,fvl’z=£cotE A=£cotE
2 2 2 2 + 2
I. = moment of inertia about any axis through C (the centroid C is a principal point and
every axis through C is a principal axis)

nb*
L m—z(cotg)(kotz % - 1) Ip=2I,
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